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Abstract. As therevisionprocessof UML attemptsto re-architecturethesingle
andimpreciselanguageinto a family of languageswith well–definedsemantics,
the natureof the core metamodelingframework is of growing importance.In
thecurrentpaper, a formal mathematicalbackgroundis presentedfor a uniform
representationof multilevel metamodelsandstaticwell–formednessconstraints
supportedby a verificationmethodfor checkingthecorrectnessof modelrefine-
mentsteps.We demonstratethat the mathematicalframework is rich enoughto
formally capturemany state–of–the–artmetamodelingtechniquesincludingdeep
instantiation,structuralextension,typerestriction,packageinheritanceandmulti-
level metamodeling,whichmakesit feasiblefor providing acommonmathemati-
calbasisfor comparinganddevelopingmetamodelingapproachesof engineering
interest.

1 Intr oduction

Thetermmetamodelingusuallyrefersto thedefinitionof languagefamiliesfor various
domainsof interest.Suchadefinitionmustincludethespecificationof its abstractsyn-
tax (for instance,by ametamodel),theconcretesyntax(preferablyby usingagraphical
language),andits semantics.

TheUnifiedModelingLanguage(UML) [12], whichis thestandardobject–oriented
modelinglanguagewith a wide rangeof application,is probablythemostrelevantdo-
mainof metamodeling.However, severalshortcomingshavebeenrevealedconcerning,
especially, its impreciselydescribedsemanticsandlackof flexibility in domain-specific
applications.Recentinitiatives(UML 2.0RFP)haveaimedatevolvingUML intoacore
kernellanguage,anda family of distinct languages(calledprofiles)whereeachprofile
hasits own semantics,which architecturefundamentallyrequiresan appropriateand
precisemetamodelingtechnique.

State–of–the–artmetamodelingapproachestypically usea meaningfulsubsetof
UML Classdiagramsto specifytheabstractsyntax,andaconstraintlanguageto capture
thestaticsemanticswith adifferentlevel of formality.

– Meta Object Facility – MOF [7] usesthe Object ConstraintLanguagefor static
semantics,but lacksany formality whenconcerningdynamicissues.
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– MetaModelingFramework – MMF [3] usesa combinationof OCL andClassdia-
gramswith a cleardistinctionbetweenclassesandinstances,a formal background
originatingfrom objecttheory[1].

– GeneralModelingEnvironment— GME [6] usesthesamecombinationfor static
semanticsbut themixing of typesandinstancesis allowed.

– BusinessObjectNotation– BON [9] hasits own notationfor bothconstraintsand
metamodels,andtheconceptsareformalizedin PVS[5].

– BOOM [8] is a framework for formal specificationof object–orientedmodeling
languagesusingthetextualdescriptionlanguageODAL.

Unfortunately, aspointedout in [2], all thecurrentmetamodelingapproacheshave
fundamentalproblemsconcerningtheir instantiationmechanism.Theseproblemsorigi-
natein thefactthatall theseapproachesevolvedfrom object–orientedmodeling,which
traditionally hadonly two metalevels, the object level ( �
	 ) andthe classlevel ( � � )
whereevery elementat the � 	 level is an instanceof exactly one � � , element.How-
ever, whena metamodelinglevel � � is introduced,the currentsolutionsare unable
to carry informationconcerningattributesandassociationsacrossmorethanonemet-
alevel (e.g., instantiatingan � � classon the � 	 instancelevel), resultingin obvious
syndromessuchasreplicationof concepts(definingeachconcepttwice, on the class
andon theinstancelevel aswell).

A possiblesolutionis to considerthedualityof classesandobjectsandallow classes
to be instantiatedon any metalevel, which methodis referredto asdeepinstantiation
in [2]. However, if deepinstantiationis adoptedfor metamodeling,previous attempts
basedon traditional formal approachesare inadequatefor formalizing the semantic
foundationsof metamodelsin asatisfyingway. In additionto suchaformal foundation,
specificguidelinesmust also be explicitly provided to facilitate the developmentof
verification tools that reasonaboutthe correctnessof modelsand their development
process.

In thecurrentpaper, wepropose(i) a unifyingformalmathematicalbackgroundfor
multilevel metamodelingwith deepinstantiation(Section2), (ii) a verificationmethod
for checking the correctnessof model refinementsteps(Section3), and (iii) a uni-
form treatmentof modelsand static structure–orientedwell–formednessconstraints
(Section4). The (mathematical)expressivenessand feasibility of our proposalwill
bedemonstratedby formalizingsomestate–of–the–artmetamodelingtechniquessuch
asstructuralextension,type restriction,packageinheritance,andmodelrestrictionby
staticconstraints.

Themaincontributionof thepaperis it thatproposes(upto ourknowledge)thefirst
formal backgroundfor multilevel metamodelingwith deepinstantiationsatisfyingthe
methodologicalrequirementsdescribedin [2]. Moreover, thismathematicalframework
allowsa uniformtreatmentof suchpropertiesthattraditionallyrequiredifferentunder-
lying mathematicalmodels(thusdifferenttools) to beverified(includinge.g.,consis-
tentview integration,correctnessof refinementsteps,andvalidity of well–formedness
constraints).
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2 A Uniform Representationof Metamodels

For a uniform representationof modelsin a multilevel metamodelingarchitecture,our
fundamentalideais to handleclassesandinstancesuniformly in a virtually flat model
structurewithoutthelossof typeinformation. Weachievethisgoalby groupingthetype
informationof themodelinto theelementsthatconstitutethemodel.In this sense,the
notionof metalevelsbecomesobsolete;however, a particularmetamodelingapproach
baseduponthis theoreticalframework is ableto introducetheseconceptsexplicitly.

2.1 Basicdefinitions and data structur es

Beforegoing into the mathematicaldetails,we introducea simplemetamodelin Fig-
ure1 asa runningexample.It describesthestructureof statetransitionsystemsstating
thatTransitionsmayleadfromandto States. On the left-handside,theUML notation
is used,in themiddle,thetop-level modelobjectandimplicit associationinheritanceis
depictedexplicitly, while theright-handsideis a formal representationof modelsto be
introducedin thesequel.

State Transition

ModelElem

from

to

State

2

Transition

3

Object

1

relation I

from II

to III

Object: [ID −>bool]
State: [ID −> bool]
Transition: [ID −>bool]
relation: [ID, ID, ID −> bool]
from: [ID, ID, ID −>bool]
to: [ID, ID, ID −> bool]

relation(III,3,2) }
I −  { relation(I,1,1,), relation(II,3,2),

1 − { Object(1), Object(2), Object(3) }

II − { from(II,3,2) }
III −{ to(III,3,2)|

3 − { Transition(3) }
2 − { State(2) }

Records

Types

Fig.1. A simplemetamodelof statetransitionsystems

In thefollowing, a higher-orderlogic specificationis usedto formalizeour mathe-
maticalframework.

Definition 1 (Identifier space).The set of object identifiers is denotedby �������� ,
while let ��������� bethesetof relationidentifiers.Let ����� ������� ��!����� and ����� "#�$�%�
�&�$����� .

An objector relationidentifiercanbeinformally interpretedasa(unique)name.In
oursamplemetamodel,arabicandromannumbersareusedasidentifiersof objectsand
relations,respectively.

Definition 2 (Type space).Let �����')($�*�,+-�������� be a unary relation and let
�&�$�.')($�/�&+0���$�.���213��������413��!����� bea tertiary relation.

The type spaceof the running exampledepictedin the top right field of Fig. 1
consistsof threeunary(Object,State, Transition) andthreetertiaryrelations(relation,
from,to).
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Definition 3 (Most general object and relation). Let �������$56�7�8�����')($�*� and
"$�$��9��;:;�$<=�3���$�>'?(��*� such that thefollowing threeconditionshold.

1. @BA.C D���������FEGDH�������$56�IA>CJE (everyobjectidentifieris an object)
2. @BA." D*���$�.��� KL� � KL� � DM��!������ENDJ"$�$��9��;:;�$<OA."#KL� � KP� � E (every relation identifier is a

relation)
3. @BA."=DB�������� KP� � KP� � DQ���������ERDS"$�$��9��;:;�$<OA."#KL� � KL� � ERTU�������$56�IA�� � E%V=��������5I�IA.� � E

(the“source” and“tar get” of a relationis anobject)

Theseaxiomsformulatethewell–formednessof the mostgeneralobjectandrela-
tion. Onecaneasilycheckthat our runningexamplemeetstheseaxioms.Up to now,
the classandinstancelevelswerekept separated.By introducingrecords,which glue
an identifier and its type into a single construct,the type (instantiation)information
of metalevels is encapsulatedinto a uniform (and virtually “typeless”)mathematical
structure.

Definition 4 (Record space).Let ���������5 be a set of records with the structure
A.5I��9XW$WUD������')($�*��KL:Y<SWZ�[D����������E , and ���$�.���$5 be a set of records of A.5I��9\W�WUD
�&�$�.')($�/��K!:Y<SW]�FD)���$�.��� K�WZ"#5^D?���������5�K!�;"�_`D?������&�$5ZE . Accessors of record fields
are interpretedas a correspondingfunctionmappingfrom object (relations)records
to the typeof the correspondingfield (such as, e.g., 5I�.9\W$WaDb��������$53cd��!�H'?(��*� ).
However, to improvelegibility, wewill write ������e 5Z�.9\W$W insteadof theofficial 5I��9\W�W�A������XE
notation.

For each valid ���!�R� ������&�$5 and "$�$�B�3����������5 , thefollowing axiomshold.

1. A.������e 5I�.9\W$W$EIA�������e :Y<SW]�!E (anobjectrecord is reflective)
2. A>"#�$��e 5I�.9\W$W$EIA."$�$�!e :Y<SW]�6K]A."$�$�!e W]"#5ZE6e :Y<SW]�6K]A>"#�$��e �;"�_\EIe :Y<SW]�!E (a relation record is reflec-

tive)
3. @BA."FD*�&�$����� KP� � KL� � D/��������FEDSA."$�$�!e 5I��9\W�W$EZA>"#KL� � KL� � E�TfA!A>"#�$��egW]"#5ZE6e 5I�.9\W$W$EIA�� � EhV
A!A."$�$�!e �;"�_iE6e 5I�.9\W$W$EIA.� � E (a relationrecord preservessourceandtargetobjects)

Corollary 1. Thereexistsa valid objectandrelationrecord.

1. ����� ���������$5GjkA.5Z�.9\W$W�Dgjl�������$56�6K!:Y<SW]�mDnj[����� �����XE is a valid objectrecord.
2. ����� "#�$�.���$5ojpA.5Z�.9\W$W Dnjq"#�$�.9��;:;�$<%K!:Y<SW]�NDnjq����� "#���!KPW]"#53Dgjr����� ���!�����$5#KL�;"]_sDnj
����� ���������$5ZE is a valid relationrecord.

Therecordscorrespondingto ourmetamodelarealsoshown in thebottomright field
of Fig 1. Obviously, all therecordsarewell–formedwith respectto our requirements.

2.2 Object and relation inheritance

Up to this point, objectandrelationrecordsexistedon their own. However, in a meta-
model,certainrelationshipsbetweenthe evaluationsof their classfunctioncaneasily
be observed.For instance,asa Stateis supposedto be a subclassof an Object in our
example,that fact guaranteesthat all the subclassesof Statesare also subclassesof
Objects.
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In the termsof our datastructure,the classrelationof Stateimplies the classre-
lation of Object. Intuitively, one can say that Stateis more detailedthan Object, or
alternatively, Objectis moregeneralthanState. Similarly, thetruthof theclassrelation
of the from relationsimultaneouslyimplies the truth of the classrelationsof Object,
Transition, andState. Below, we definethe notionsof objectandrelation inheritance
to capturetheseaspects.

Definition 5 (Object inheritance). A relation t?uR+`��!�����$5v1w��!�����$5 is an object
inheritance, iff, for each pair of valid objectrecords A�9X�ZWZ�6KL"#�$xMEy�at?u&D�@*CzDX��������4D
A>"#�#x*e 5I��9\W�W$EZA>C*EyT{A�9X�ZWZ�6e 5I��9XW$W$EIA.C*E (thetruth of theinheritedobjectimpliesthetruth of
a more abstractobject).

(Weusean infix notation 9\�IW]�ht?uh"$�#x for inheritancerelations.)

Definition 6 (Relation inheritance). A relation t)|�+^���$�.���$5m1R���$�.���$5 is a relation
inheritance, iff for each pair of valid relationrecords A.9\�IW]�6K!"#�#xME}�
t)|&D
1. @BA."wD~���$�.��� KL� � KP� � E�DQ��!������DmA>"#�#x*e 5Z�.9\W$W�EZA>"#KP� � KL� � E�T2A�9X�ZWZ�6e 5I��9XW$W$EIA."#KL� � KL� � E

(thetruth of an inheritedrelationimpliesthetruth of a moregeneral relation)
2. @BA.ClD%���������EoD}ALA>"#�#x*e W]"#5ZEIe 5I��9\W�W$EZA>C*EFT�ALA.9\�IW]�6e W]"#5ZEIe 5I��9\W�W$EZA>C*E (the truth of the

sourceobjectof the inheritedrelation impliesthetruth of thesourceobjectof the
general one)

3. @BA.ClDO��������FEoDGA!A."$�#x*e �;"�_\EIe 5I��9\W�W$EZA>C*E�T�ALA.9\�IW]�6e �;"]_iE6e 5I��9XW$W$EIA.C*E (the truth of the
target objectof the inheritedrelation implies the truth of the target objectof the
general one)

Corollary 2. There existsa mostgeneral object(and relation) record, of which every
object(relation)is an inheritance.

1. @BA�������D���!�����$5ZEbDH����� �������&�$5}t u �����
2. @BA."$�$�hD���!�����$5ZEbDH����� "$�$���&�$5}t)|B"#�$�

As for our running example, the intuitive meaningof object and relation in-
heritanceis fulfilled by the records,as for object inheritancewe established(i)� ��9�����A.C*E=T���!���$56�IA.C*E (ii) '?"$9�<SW]:Y�;:;�$<OA>C*E=T7��!���$56�IA.C*E , while for relation inher-
itance(i) x*"#�$�aA."#K!�6K�W�E^T�"#�$�.9��;:;�$<OA>"#KL�6KPW$E (ii) x*"$�$�
A>"#KL�6KPW$E�T��;"$9�<SW]:Y�;:;�$<OA>�!E (iii)
x*"$�$�
A>"#KL�6KPW$EGT�W]��9����XA�W�E (andthesimilarholdsfor ���\A>"#KL�6KPW$E ).

2.3 Models

In theprevioussectionspecialinheritancerelationshipshavebeenestablishedbetween
objectandrelationrecords.However, without furtherconstraintson objectandrelation
records,inconsistenciesmighteasilybeintroduced.Suchinconsistenciesincludename
clashes(usingthesameidentifierfor morethana singleobjector relationrecord),and
recordswithoutamoregeneral“super-record”.Therefore,modelsmustberestrictedto
avoid suchproblems.

Definition 7 (Model). A model ��j�A�����XWHKP������W$E is a set ����XW of objectrecordsand
a set �&�$��W of relationrecordssatisfyingthefollowing conditions.
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1. ����� ���������$5?�z����XW and ����� "$�$���&�$5������$��W (thetop recordsare in themodel)
2. @BA������ � KL���!� � �z����XW$E}DH����� ���j������ ����� ����� � e :Y<SW]� �j������ � e :Y<SW]� and
@BA."$�$� � K!"#�$� � �3���$��W$EbD�"#�$� � �j�"#�$� � ��� "#�$� � e :Y<SW]� �j�"#��� � e :Y<SW]�
(all recordsare uniquelyidentifiedby their instancefield)

3. @BA."$�#x�u&� ����XW$EQ�~A.9\�IW]�!u&�3��!��W$EGD�9X�ZWZ�!u}t?uh"#�#x�u and
@BA."$�#x#|&� ���$��W$ES�MA�9\�IW]��|�� ���$��W$EbDH9\�IW]��|}t)|B"$�#x#|
(each objectandrelationrecord hasa moregeneral record in themodel)

Onecaneasilyobserve that theobjectandrelationrecordsin our runningexample
constituteawell–formedmodel.

2.4 Model graphs

Although, in the previoussections,the conceptsof modelshave beenformalizedpre-
cisely, anequivalentrepresentation(calledmodelgraphs)will beintroducedin these-
quel asa canonicform. Model graphseliminatethe distinction betweenobjectsand
relations,however, type informationandthecasuallinks of inheritancearepreserved.
After that, we show that the nodesof this graphare partially orderedby the edges,
moreover, they form alatticestructure.Theimportanceof this representationoriginates
in thefactthatit is capableof reasoningsimultaneouslyaboutmodelsandtheir refine-
ments(andrestrictions).

Definition 8 (Model identifiers). Theobjectidentifiersof a model��j�A�����XW�KL���$��W$E
are definedas ���������wA��`E
j��]C�Dv��������w� �MA������UDN����XW$EsD�C,j�������e :Y<SW]��� . The
relation identifiersof thesamemodelare "#�$�.���zA��`E&j,�]C�DJ���$�.���w� �~A>"#�$�yD*���$��W$E�D
C^jU"#���!e :Y<SW]��� . Themodelidentifiers of the modelare �3�#�����zA��`Evjq���������zA��`EB�
"$�$�����zA��`E .
Definition 9 (Model graph). Let � j�A�����XW�KL���$��W$E be a model.A model graph
����jkA.�z�#���#W�KL v�H_X�#W$E is a graphwhere

– A model node <��¡�z�#���$W is either an object or a relation identifier: <¢D
���#�����zA��`E .

– A modeledge�v�3 v�H_X�#W (thatcanbeinterpretedinformallyasimplications)leads
fromnode< � to node< � (denotedas < ��£¤c�< � , or simply < � ¤c�< � ) when
1. Both < � and < � are nodeidentifiers,andtheclasspredicateof < � impliesthe

classpredicateof < � i.e. �MA������ � KP����� � D&��!��W$EsD�< � j¥���!� � e :Y<SW]�bV�< � j
����� � e :Y<SW]�mVa@%A>CqD?���������zA��`ELE
D?����� � e 5I��9\W�W�A.C*EaT¦����� � e 5I�.9\W$W�A>C*E (in other
words, ���!� � is derivedbyobjectinheritancefrom ����� � )

2. Both < � and < � are edge identifiers, and the classpredicateof < � implies
the classpredicateof < � i.e. �MA>"#�$� � K!"#�$� � DB������W$E�DB< � j2"#�$� � e :Y<SWZ�BV=< � j
"#�$� � e :Y<SWZ�&V0@BA."�D "#�$�.���zA��`EIKPW�K!��Dz���!�����zA��`E!E§D "#��� � e 5Z�.9\W$W�A."#KPW�K!�!EkT
"#�$� � e 5I�.9\W$W�A>"#K�WHKL�!E

3. < � is an edge identifier and < � is a nodeidentifier, and the classpredicate
of < � implies the classpredicateof < � i.e. �MA>"#�$�RDm���$��W�K�WZ"#5Z��!��D}��!��W$E3D
< � jU"#�$��e :�<SW]�QVz< � jqW]"$5]�����e :Y<SW]�BV3@BA." DM"$�$�����zA��`E6K�WHKL�vD~���������zA��`ELEND
"#�$��e 5I�.9\W$W�A>"#KPW�KL�!E}T0W]"#5Z�����e 5Z�.9\W$W�A�W$E
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4. < � is an edge identifier and < � is a nodeidentifier, and the classpredicate
of < � implies the classpredicateof < � i.e. �MA."$�$�RD}������W�K!�;"�_\��!��D}��!��W$E3D
< � jU"#�$��e :�<SW]�QVz< � jqW]"$5]�����e :Y<SW]�BV3@BA." DM"$�$�����zA��`E6K�WHKL�vD~���������zA��`ELEND
"#�$��e 5I�.9\W$W�A>"#KPW�KL�!E}T0W]"#5Z�����e 5Z�.9\W$W�A.�!E

– Extensions: Let < 	 be a nodethat standsfor an imaginary uniqueidentifier, and
that is linkedto all thenodeshavingonly outgoingedges.

Informally, an objectnodehasan outgoingedgefrom all its “super” objectnodes
(generalizednodes),while arelationnodehasanoutgoingedgeto all its “super”edges,
plus all the “super”objectsof its sourceand target object node.The truth of a class
predicateis restrictedto thoseelementsthat constitutethe model, which closesthe
modelspace(by disregardingobjectsandrelationsoutsidethemodel).

State

2

Transition

3

Object

1

relation I

from II

to III

1

2 I 3

IIIII

0

1

2 I 3

IIIII

0

Fig.2. Model graphandmodellatticeof transitionsystems

In Fig.2, themodelgraphof therunningexamplecanbeobserved.Thefigurein the
middleexplicitly depictsall theedgesof themodelgraph.Thefigurein theright depicts
(which will be our standardnotationfor the restof the paperto improve clarity) only
thedirect implicationedges.Theentiresetof edgescanbecalculatedby thetransitive
(andreflexive)closureof theimplicitly depictededges.

2.5 The lattice of a singlemodel graph

In thefollowing, we provethata modelgraphformsa lattice.Let ���`j§A.�z�#���#W�K ¤c^E
bea modelgraph.

Proposition1. ¤c is a partial order ( ¨)© ) on �z�#���#W .
Proof. Thesketchof theproof is asfollows

1. ¤c is reflective:a trivial consequenceof (1) and(2) in thedefinitionof edges.
2. ¤c is transitive: (i) theimplicationrelationis transitive, (ii) theconstructionof the

modelgraphensuresthatobjectnodesneversupersederelationnodes
3. ¤c is antisymmetric:all theidentifiersareuniquein themodel ª«
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Leastupperbound The leastupperbound «h© of a set �¬+§�z�#���#W is the leastnode
that is implied by all elements<��s� . This canbedeterminedby, e.g.,a reachability
analysis:(i) the top nodeis set to the singletoncurrent set as it is an upperbound
(reachable)from all the nodes <��r� ; (ii) all the predecessorsof all nodesin the
currentsetare testedwhetherthey arestill an upperboundof � . Thosethat satisfy
thisconditionbecomethenext currentset, andthisprocessis iterateduntil afixpoint is
reached.Also notethat ����� ����� is thesupremum(  © ) of �z�#���#W . Formally,

Proposition2. Theset �8+��z�#���#W hasa supremum &©¦j������ ����� and the least
upperbound «h©&��j�® ��� @*<w�3��D�< ¤c�®�Vo@*®J¯J����D�® ¤c�®*¯ .

Greatestlower bound Thecalculationof thegreatestlower bound ªh© is similar. This
timeoneshouldstartfrom thefictive <M	 elementandperformthedualsteps.Similarly,
<M	 turnsout to betheinfimumof �z�#���#W .
Proposition3. Theset �°+l�z�#���#W hasan infimum ± © j²< 	 andthegreatestlower
bound W�³#5I9�� © ��j[® ��� @*<w� ��D�® ¤c�<oVR@*® ¯ � �7DH® ¯ ¤c¦® .
Proposition4. ¨)©�j ¤c is a lattice ´m©`jUA�¨)©�K�±&©�K�&©NK�«h©�K�ªh©�E on a modelgraph
����jkA.�z�#���#W�K ¤c^E .

3 Capturing Model Refinement

The lattice of a modelgraphis a precisemeansto reasonaboutthe well–formedness
of a single model. In the following, we introducethe lattice representingthe set of
modelgraphsto provide a verificationmechanismfor theevolution of models,e.g.,to
decidewhetheraspecificmodelis aproperrefinementof anotherone.Moreover, lower
andupperboundoperationsprovide meansto integratedifferentversionsor different
aspectsof amodel(e.g.,createdby differentdesigners)into asafeandconsistentglobal
viewpointof thesystem.

3.1 The lattice of the setsof modelgraphs

Definition 10 (Dir ectedgraph). A directedgraph �kjUA.�w�#���#W�KL v�H_\�$W�K�WZ"#5Iµ)K!�;"�_XµbE
consistsof a finite set �w�#���#W of nodes, a finite set   µ of edges, two mappings W]"$5 µ
and �;"]_\µ assigningthesourceandthetargetnode, respectively, to each edge.

Definition 11 (Subgraph relation). Let ¨ be the traditional subgraph relation on
graphs,i.e. � � ¨�� � ��� � � e <~�#���#Ws+2_ � e <~�#���#W�V
� � e �$��_\�#W¶+2_ � e �$��_\�#W and
� � is a well–formedgraph(i.e., themappingsrelating the edgesto their sourcesand
targetscoincidewith therespectivemappingsof � � restrictedto � � ).
Proposition5. The ¨ relation is a partial order on the set

� A����vE of modelgraphs
(well–knownresultfromgraphtheory).
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Greatestlower bound Whenwe try to maintainthe propertythat any operationper-
formedon modellatticesis amodellattice,thecalculationof greatestlowerboundand
leastupperboundof a subset·�+ � A����vE needssomeprecautions.

The calculationof the greatestlower bound ªQ· of a subset·¸+ � A����vE takes
the intersectionof all the lattices in · , and the result is expectedto be a common
abstract modelof all themodelsin · . For that reason,at mostthosenodesandedges
areincludedin theresultlatticethatappearin all C �3· lattices.

However, differentmodelsthatsharethesamenodesmaybein a confliction.Sup-
posethat thereis a modellattice � � where < � ¤c¥< � but in anothermodellattice � � ,
it is just the opposite< � ¤c¸< � . Since ¤c is a partial order, < � ¤c¸< � Vz< � ¤c¢< � T
< � j�< � , whichalsofulfills ourexpectations,asbothconfigurationscanberefinedfrom
an abstractmodelwherethe two nodeshave not beendistinguishedyet. As thereare
no refinedmodelswheretheseconditionscouldalsobe satisfied,we showedthat this
methodderivesthegreatestlowerboundof · . Notethatthemodelgraphconsistingof
thesingle ����� ����� nodeis theinfimumof theentireset

� A����vE . Thuswehave

Proposition6. The set
� A���� of model graphs has an infimum ± µ (which is the

graph consistingof the single node ����� ����� ), and a greatestlower bound ª µ ·¹j
�fA.�z�#���#WHKP v�H_X�#W$E such that

1. @*<^�a�z�#���#WRDi<0�aC � e �z�#���#WGVaeZeZeLC/ºMe �z�#���#WHKLC � KZeZe]eZKLC/º=�a· (all thecommon
nodes)

2. @J�=�l v�H_X�#W=D%�a��C � e  v�H_\�$W�V^eZeZe�VwC º e  v��_\�#W�K!C � KZe]eZeZKLC º ��·�Va��e x*"#�$���
�z�#���$WbV���e �����3�w�#���#W (all thecommonedges)

3. @*< � KL< � ���z�#���#W^Dm< � ¤c8< � V¶< � ¤c»< � T4< � j¼< � (conflictingnodesare
reducedto a singlenodeasa consequenceof ¤c beinga partial order)

Corollary 3. For all � � KL� � � � A����vEGDH� � ª µ � � ¨0� �#½ � � ªF� � ¨0� � .
Leastupperbound Whencalculatingtheleastupperboundof some·�+ � A����vE , one
hasto take theunionof all thegraphs Ca�w· , and,accordingto our informal expecta-
tions,this unionshouldbea refinementof all individual modelgraphs. Unfortunately,
in thecaseof contradictingmodels,this propertycannotbeestablished.

Whentakingtheunionof graphsCz�F· , amergingis requiredalongthenodesthat
appearin morethanasinglemodel.After that,thecalculationof theunionof theedges
addsan edgefrom node <~¾ to node <*¿ if thereis at leastonemodel C*À with suchan
edgebut thereareno modelswith anedgeleadingto theoppositedirection(i.e., from
<*¿ to <~¾ ). In thelattercase,noedgesareestablishedin theresultlatticebetween<~¾ and
<*¿ in accordancewith thepropertiesof implication <~¾ ¤c�<*¿mÁF<*¿ ¤c¦<~¾Sj² .

Whena leastupperboundof theset · is not a refinementof oneor moremodels,
onecaneasilyreturnto aconsistentglobalstatein thepastby takingthegreatestlower
boundof · , which is inevitably aproperabstraction,andtherefinementprocesscanbe
redone.

Proposition7. The set
� A����vE of modelgraphshas an supremum  µ and a least

upperbound « µ ·�j²�fA.�z�#���#WHKP v�H_X�#W$E such that

9
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1. @*<=�3�w�#���#W�K!C � KZe]eZe]K!C º �3·7DH<=��C � e �w�#���#WSÁ�eZe]e!ÁvC º e �z�#���#W (all thecommon
nodes)

2. @J�=�l v�H_X�#W�K!C � K]eZeZe]K!C*º���·�DB�a��C � e  N��_\�#W?Á^eZe]e�Á=C/ºJe  v��_\�#W?Va��e x*"#�$���
�z�#���$WbV���e �����3�w�#���#W (all thecommonedges)

3. @*< � KL< � �
�z�#���#WoD/ÂGA>< � ¤cÃ< � V3< � ¤cÃ< � E (conflictingedgesare removedasa
consequenceof ¤c beinga partial order)

In Fig. 3 thegreatestlower boundandleastupperboundof a setconsistingof two
models(introducingacceptingandinitial statesin a deliberatelycontradictingway) is
calculated.For betterunderstanding,the visual representationsof the modelsarealso
depicted.
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Fig.3. Calculatingupperandlower bounds

– In the caseof the leastupperbound(lub), the examinationof the model lattice
detectsthatnodes4 and5 arecontradicting.For this reason,the lub supposesthat
bothwereintroducedon purposeandkeepsbothof them,but theorderingrelation
betweenthemis removed.As a result,we have an AccStateandInitStatederived
by objectinheritancefrom State, which is not a refinementof thetwo models.

– In thecaseof thegreatestlower bound(glb), theexaminationof themodellattice
detectsthatnodes4 and5 areequal.For this reason,they aretreatedasif all the
edgesenteringoneof them endsin this commonstate.As a result,we have an
AccStatederivedbyobjectinheritancefromStatebut InitStatemustbereintroduced
laterin thedesign.
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Proposition8. Thesubgraphrelationis a lattice ´ µ jkA�¨ µ K6± µ K� µ K6« µ K�ª µ E onthe
set
� A����vE of modellattices.

Althoughwe showedthat the latticestructureof a singlemodelis preservedwhen
calculatinglowerandupperboundsof setsof modelgraphs,theresultmightbeirregular
at thediagramlevel. For instance,if a relationis redirectedfrom oneobjectto another,
the intersectionof the two modelsmight containonly the edgebetweenthe source
objectandthe relationwhile the target of the relation is not specified.However, this
situationcaneasilybe detectedby comparingthe degreesof eachrelationnodewith
its originalmodellattice.Whentakingtheunionof modellattices,a relationnodemay
haveadditionaloutgoingedges,whichfactcanbedetectedsimilarlywithin thesemantic
domain.

Thefinal definitioncapturesthenotionof modelrefinementin accordancewith the
previousresults.

Definition 12. Let � � K�� � � � A����vE . If � � ¨ µ � � then � � is an abstractionof
� � , or converselysaying, � � is a refinementof � � .

3.2 Practical usesof model refinement

We demonstratehow somemajor conceptsof object–orientedmetamodelingcan be
captureduniformly by modelrefinementon our runningexample(seeFig. 4).
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Structural extensionIn astructuralextension,anew modelelement(objector relation)
is addedto the modelby refining an existing modelelement(objector relation).For
instance,anew classAccStatehasbeenderivedby inheritanceto theoriginaldiagramof
Fig.1 fromtheexistingobjectState. Althoughthistimethedesignercanbequitecertain
thattherefinementstepheor sheperformedis correct,this canbeverifiedformally on
thesemanticlevel by comparingthenew lattice ���#���$� � by theoneof Fig 2 ( ���#���$� 	 ).
Onecanconcludethat the refinementstepis correctas ���#����� 	 ¨ µ ���#���$� � because
node4 andits incomingandoutgoingedgeswereintroducedby therefiningoperation.

Moreover, alteringa modelby the following setof operationsturnsout to be for-
mally a modelrefinementin oursense(not provenhere).

– Insertingan object record(e.g.,a UML class)consistentlyas a leaf elementor
betweentwo existingobjectrecords(refiningtheobjectinheritancetree).

– Insertinga relationrecord(e.g.,a UML association)consistentlyasa leaf element
or betweentwo existing relationrecords(refiningtherelationinheritancetree).

– Introducingmultiple inheritancefor bothobjectandrelationrecords(whenthein-
heritancestructureis no longera treebut a directedacyclic graph).

On theotherhand,severalincorrectnessproperties(suchascircularity in theinher-
itancestructure,or invalid type refinements)canbe detectedon the model lattice. In
fact,they arenever introducedif themodelrefinementprocessis guidedby the ª µ and
« µ operations.

Typerestriction In a typerestriction,ourmodelis not extendedbut alteredby redirect-
ing therefinementof anobjector a relation.This couldpossiblymeanthat

– An object inheritancerelation is establishedbetweentwo object recordshaving
previously thesameparentin the inheritancestructure.However, notethat the in-
heritanceof relationrecordscannotalwaysberedirectedin this way astheproper
inheritanceof sourcesandtargetsmaynot beassured.

– The source(target) of a relation recordis redirectedto a subclassof its former
source(target)objectrecord.

Ourrunningexamplecoversthelattercasewhen ���#���$� � is generatedfrom ���#���$� �
(and,additionally, when ���#�����ÅÄ is derivedfrom ���#���$�ÇÆ ). In Fig. 4, thedashedlines
canbe derived by the transitive closureof solid lines; however, they aredepictedto
improveclarity of thesubgraphrelationwhenverifying that ���#���$� � is aproperrefine-
mentof ���#����� � .
Instantiation Up to thispoint, thediagramscontainedonly therelationshipontheclass
level. Now, whenderiving ���#���$� Æ from ���#����� � , an instances1 of classAccStateis
introducedby inheritance.This exampledemonstratesthat classesand instancescan
be treateduniformly by the latticestructure:an instanceis anothernodeof themodel
lattice derived from its classby inheritance.In this way, an instanceis consideredto
bea singletonset,andnot anelementof a set,andtheinstantiationstepfrom ���#���$� �
to ���#���$�ÇÆ (and,similarly, from ���#���$� � to ���#���$�ÅÄ ) is interpretedasanobjectinheri-
tance.

12
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Ontheotherhand,theuniformmodellatticealsoallowsaparticularmetamodeling
approachto distinguishbetweenclassesandinstancesby introducinginstantiationasa
relationandthusderiving instancesby relationinheritance.

Package inheritance In theMML approach[3], specialization(inheritance)is alsoin-
terpretedfor packages,which allows a modularconstructionandthereuseof informa-
tion betweensuchpackages(models).Thechild packagespecializesall (andtherefore
containsall) the contentsof the parentpackage,i.e., eachclassandassociationis a
specializationof the correspondingconceptin the parentpackage,wherethe corre-
spondenceis definedby a renamingannotationon thespecializationarrow (illustrated
in Fig. 5).
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Fig.5. Packagespecialization

Sucha packageinheritance(togetherwith the renaminginformationon theobject
and relation inheritancestructure)can easily be establishedon the model lattice by
modelrefinement(i.e.,calculatingtheleastupperboundandaddingtheedgesspecified
in therenamingannotation).Theseedgesaredepictedby dashedlinesin Fig. 5.

4 Model Restriction asa Constraint Language

A typical metamodelingapproachprovides a mechanismfor refining a model (e.g.,
by inheritance,or type restriction)and a constraintlanguagefor expressingcertain
restrictionsonvalid modelinstances.Moreover, amodelis obligedto fulfill all its static
constraintsfor theentirelife-cycle.In thissection,constraintsareintroducedasdistinct
modelsthat are speciallyrelatedto the model to be restricted,therefore,a separate
constraintlanguageis not required.

Informally speaking,a constraintis regardedasa modelpatternthat is obliged(or
forbidden)to be found in a modelinstance.In fact, the pattern-basedmanipulationof
graphshasbeenstudiedthoroughlyby thetheoryof graphtransformation[11]. More-
over, severalpapers(e.g.,[10]) addressthe useof graphtransformationasa semantic
basisfor theObjectConstraintLanguage.In thecurrentpaper, theemphasisis on ex-
pressingstructuralconstraintsby specialrelationson models,thuswithout theuseof a
separateconstraintlanguage.

Definition 13. A graph isomorphism _�:=D��¡cÉÈ is a pair of bijective functionsÊ x#©qD*��e <~�#���#W�c¬È e <~�#���#W�KPx#Ë{D/��e �$��_\�#WNc¬Èze �$�H_X�#W$Ì compatiblewith sourceand
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target functions,i.e., for all edges �^�`��e �$�H_X�#W , x#©�A�W]"#5Iµ?A��$ELE�j�W]"$5ZÍ�A�x#Ë)A��$ELE and
x#©�A.�;"�_Xµ)A��#E!Emj��;"]_\Í�A�x#Ë?A.�#E!E .

A subgraphisomorphismis an isomorphismbetween� anda subgraph È � of È :
È � j�_X:�A��vE}+0È .

Definition 14. Let � and �sÎ bea model.

– � fulfills thepositive existentialconstraintof � Î if there existsa graphisomor-
phismbetween�¶Î anda subgraphof � .

– � fulfills thenegativeexistentialconstraintof � Î if a graphisomorphismcannot
beestablishedbetween� Î andanysubgraphof � .

Definition 15. Let � be a model, � �Î KZeZe]eIKP� ºÎ be the setof its (positiveand nega-
tive)constraints.Themodel � is syntacticallycorrect if it fulfills all of its constraints.
The refinementprocessof a modelis correct if all the individual stepsfulfill all the
constraints.

Probablythe main advantageof handlingconstraintsandmodelsuniformly is the
increasein reusability, i.e.,modelrefinementandrestrictiontechniquescanbeapplied
to constraintsaswell.

Finally, model constraintsare illustrated in
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Fig. 6, wherethe constraintspecifiesthe condi-
tion that a transitioninstancet1 is connectedto
two statess1 ands2 by a from relation. In fact,
thisconstraintcanbeeither(i) apositiveonestat-
ing thateachtransitionis obligedto have(atleast)
two stateslinked by a from edge,or (ii) a nega-
tive one,which forbids thepresenceof thesame
pattern,thusallowing theusermodelto have less
thantwo stateslinkedto specifictransition.

5 Conclusionand Future Work

We have presenteda formal mathematicalbackgroundasa potentialcandidatefor ex-
pressingthe semanticfoundationsof multilevel metamodelingapproacheswith deep
instantiation.Theproposedmathematicalframework is unifying in thesensethatmod-
elsandtheirstaticwell–formednessconstraints,andthecorrectnessof refinementsteps,
canbeinvestigatedon thesamerepresentation.

Althoughthetreatmentof dynamicsemanticswasoutof thescopeof thispaper, we
would like to pointout that(i) ourapproachdoesnotruleoutany kind of definitionsfor
dynamicsemantics(suchas trace,operational,denotationalor axiomaticsemantics);
moreover, (ii) by theproposedlatticestructure,abstractinterpretation[4] andsymbolic
analysistechniquesthat have beenwidely appliedfor the verificationof systemsfor
severaldecadesbecomeaccessiblefor theformal verificationof metamodels.

An initial versionof themathematicalframework of metamodelshasalreadybeen
formulatedin thehigher-orderlogic specificationlanguageof thePVStheoremprover
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[5]. Weareplanningto improvethecurrentversionby proving thecorrectnessof certain
refinementoperations(e.g.,packageinheritance,structuralextension),and to reason
aboutmetamodelsby deriving themautomaticallyfrom somevisualformalisms.
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